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Abstract. By an argument similar to that of Gibbons and Stewart [10], but in 
a different coordinate system and less restrictive gauge, we show that any weakly- 
asymptotically-simple, analytic vacuum or electrovacuum solutions of the Einstein 
equations which are periodic in time are necessarily stationary. 



1. Introduction 

The inspiral and coalescence of binary black holes or neutron stars appears to be the 
most promising source for the detectors of gravitational waves, so that there has been 
much effort going into the development of numerical codes and analytic approximation 
methods to find the corresponding solutions of Einstein's equations. One of the recent 
approaches assumes the existence of a helical Killing vector k (see e.g. [25]). The field 
is assumed stationary in a rotating frame where k generates time translations but k 
becomes null at the light cylinder and is spacelike outside, k has the form k — dt+cod^, 
where dt is timelike and is spacelike with circular orbits with parameter length 2tt 
(except where d$ — 0); uj =constant. The space-time is not stationary but it is still 
periodic where k is spacelike. Requiring the helical symmetry for a binary system 
implies equal amounts of outgoing and incoming radiation so that the space-time, 
containing energy radiated all times is not expected to be asymptotically flat. A 
corresponding solution in Maxwell's theory for two opposite point charges moving 
on circular orbits was considered a long time ago by Schild [19]. The properties 
of the field were analyzed recently in the Newman-Penrose formalism in [1]. The 
rather complicated periodicity properties of the solution became apparent as well as 
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its asymptotic behaviour: at I~ the advanced fields exhibit the standard Bondi-type 
expansion and peeling, whereas the retarded fields do decay with r — > oo but in 
an oscillatory manner like (sin r)/r. Hence for the retarded plus advanced solution 
no radiation field is asymptotically defined. Naturally one would like to go beyond 
the linearized theory. There are special exact, time-dependent, solutions known, for 
example, Szckercs's dust solution, which has in general no Killing vector, which can 
be matched to an exterior Schwarzschild metric [3]. One can construct oscillating 
spherical shells of dust particles moving with the same angular momentum, but in 
every tangential direction, or oscillating Einstein clusters which are matched to the 
Schwarzschild space-time outside [8]. Can there be periodic solutions representing 
"bound states" of gravitational or electromagnetic waves so that the radiation field at 
infinity vanishes and the Bondi mass remains constant? 

There have been various attempts to prove that, while solutions of the vacuum 
Einstein equations can be genuinely periodic in a suitable time-coordinate (so not 
time-independent), these solutions cannot be asymptotically flat. These started with 
[15] and [16], with a summary in English in [17], and [24] and more recently was 
considered in [10]. The method in [15] considers vacuum metrics which are everywhere 
nonsingular, weak and asymptotically-flat and which can be expanded in a series in 
some parameter, with the flat metric as the first term in the series. Each term in the 
series is assumed to be periodic in a fixed Minkowski time-coordinate and to satisfy 
the de Donder gauge condition. The second and third terms, call them v a i, and w a b 
respectively, are expanded as Fourier series in the background time-coordinate and 
the Einstein equations then imply that v a b satisfies the source-free wave equation, and 
w a b satisfies a wave equation whose source is a quadratic expression in v a b- Assuming 
that the solution for v a b is everywhere regular, the author shows that there cannot 
be an asymptotically-flat solution for w a b unless v a b vanishes. Therefore the space- 
time is flat. In [16], a similar calculation when v a b is regular only outside a certain 
radius leads to the conclusion that v a b must be time-independent in order to have 
asymptotically-flat u> a &, and the space-time is stationary. In [24] it was observed 
by integrating the Einstein pscudotensor and matter energy-momentum tensor over 
a 4-dimcnsional volume that "the mean value of power radiated by a periodic, 
asymptotically Minkowskian gravitational field is equal to zero" . The question of 
existence of periodic fields was left open. In [10] the authors used the spin-coefficient 
formalism (see e.g. [14], [22]) to study the system of conformal Einstein equations 
of Friedrich [5]. A coordinate system is based on two families of null hypersurfaces, 
incoming from past null infinity Z~ and labelled by constant v and outgoing near Z~ 
and labeled by constant u. The authors define periodicity as meaning periodic in v 
in these coordinates and are then able to prove that, at I~ , the u-derivatives of all 
orders of all components of the metric are independent of v. They conclude that if 
the metric is analytic in these coordinates, then it necessarily has a Killing vector, 
which in these coordinates is d v , at least in a neighbourhood of Z~ . Thus any analytic 
metric, periodic in their sense, has such a Killing vector. While certainly correct, 
there is a problem with this conclusion in that, by construction, the Killing vector 
is null wherever it is defined, and reduces at Z~ to a constant translation along the 
generators. These are strong conditions and in fact no Killing vector in flat space has 
these properties (any null Killing vector is necessarily a null translation, and a null 
translation is zero along one generator of Thus flat space is not periodic according 

\ For example the null translation dt + d z becomes 2 cos 2 (0/2) d v on X~ , which vanishes at = 7r. 
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to the definition of [10] and nor is any of the familiar stationary, asymptotically flat 
solutions, for example the Schwarzschild solution, so that this definition of periodicity 
is 'too strong'. 

For convenience, we follow [10] in working at I~ rather than X + , though this is 
trivial to switch, but we shall make a weaker definition of 'periodic in time' which 
will permit metrics stationary near X~ and indeed will allow only these for analytic, 
asymptotically-flat vacuum or electrovac metrics. We follow the method of [10] for 
both the vacuum and electrovac field equations, deferring other cases to a second 
article, but in a different coordinate and tetrad system. Our coordinate and tetrad 
system is similar to the one used at X in [14] , and to prove the existence of a symmetry 
at the event horizon in [11] and at a compact Cauchy horizon in [12]. We also differ 
from [10] in the choice of conformal gauge. In [10] the unphysical Ricci scalar is set to 
zero by a choice of conformal factor obtained by solving a wave equation. However, 
the solution of the characteristic IVP for this wave equation as posed in [10] will not 
in general be periodic, so that the rescaled, unphysical metric would not in general 
share the periodicity of the physical metric - in fact, in the particular case of the 
Reissner-Nordstrom solution this gauge choice is compatible with periodicity only for 
zero mass, as we show in Appendix C. Thus we assume that there is at least one 
conformal factor which is periodic and then modify this choice in the course of the 
calculation in order to simplify the spin coefficients. From this point on, our method is 
then essentially the same as in [10], though a little more complicated, and we arrive at 
the same conclusion, but now with a Killing vector which is time-like in the interior, 
at least near to X~ . The condition of time- like periodicity which we impose is as 
follows: a space-time is time-like periodic if there is a discrete isometry taking any 
point of the physical space-time to a point in its chronological future. To define time- 
like periodicity at X~ for an asymptotically-flat space-time, we require this isometry 
to extend to an isometry of a neighbourhood of X~ which preserves the generators 
of X~ . In particular, we require the existence of at least one f2 which conformally 
compactifies the space-time and preserves the periodicity. The isometry has to be a 
supertranslation [22], 




on I - , in terms of the usual coordinates (v, 9, <p) onl" and we shall assume that a^0. 
(We could imagine allowing a to vanish on some generators of X~ , since as noted above 
periodicity along a null translation in flat space would appear like this at X~ , but this 
would be null-periodicity rather than time-like periodicity.) We could assume further 
that a is actually a positive constant but this turns out not to be necessary, as we shall 
find that, for analytic space-times, this assumption of periodicity necessarily leads to 
a space-time metric with a Killing vector which, in coordinates to be defined, is d v 
and is time-like near X~ . Our result is 

Theorem 1.1. A weakly- asymptotically simple, vacuum or electrovac, time-periodic 
space-time which is analytic in a neighbourhood of X~ in the coordinates introduced 
below necessarily has a Killing vector which is time-like in the interior and extends to 
a translation on X~ . 

Thus there are no non-trivial time-periodic solutions satisfying these conditions, 
in the sense that they would necessarily be actually time- independent if time-periodic. 
In a later article, we shall prove the corresponding result for the Einstein equations 
coupled to either a massless scalar field with the usual energy-momentum tensor, or a 




v — > v + a(0, 4>), 



(1) 
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solution of the conformally-invariant wave equation with the energy- momentum tensor 
from pl25 of [18] (sometimes called the 'new improved energy momentum tensor'). 

The method of proof requires the assumption of analyticity. It was shown in [6] 
that there are vacuum solutions analytic near I~ . However, one would like either to 
drop the assumption of analyticity, for example following the lead of [7] or [9] with a 
similar problem, or to prove that it follows from the assumptions of periodicity and 
asymptotic-flatness. It remains to be seen in what circumstances this can be done 
since, as noted above, there are non-analytic solutions with matter in periodic motion 
and matched to a (static) Schwarzschild exterior. 

While this work is primarily motivated by an interest in the possibility or 
impossibility of helical motions, it is worth noting the connection with the question of 
the inheritance of symmetry. Recall that, for a solution of Einstein's field equations 
with matter, the matter is said to inherit the symmetry of the metric if any isometry 
of the metric is necessarily a symmetry of the matter. There are explicit solutions 
of the Einstein-Maxwell equations known for which an isometry of the metric is not 
a symmetry of the Maxwell field [13] but these solutions are not asymptotically-flat. 
In [21] some other references may be found for explicit solutions with Maxwell fields 
which do not share the symmetry of the metric. The same will be true for some 
Robinson- Trautman solutions with null electromagnetic field which may depend on 
time though the metric is static (see [21], §28.2) These solutions will very likely have 
wire singularities extending to infinity. From Theorem 1.1 noninhcritancc cannot 
happen with asymptotically-flat, analytic solutions: 

Corollary 1.2. In any weakly- asymptotically simple, stationary electrovac space-time 
which is analytic in a neighbourhood of I~ in the coordinates introduced below, the 
Maxwell field is also stationary. 

One can raise the question of inheritance also for Einstein-scalar field solutions but 
the answer is rather different: for a massive (complex) Klein-Gordon field there do exist 
solutions, the so-called 'boson stars', for which the metric is spherically-symmetric, 
asymptotically-flat and static but the scalar field has a phase linear in time (see e.g. 
[2]); however these solutions are not analytic at infinity and, by a scaling argument, 
such solutions do not exist with massless scalar fields. In a later article, we shall 
obtain this result as a corollary of the result corresponding to Theorem 1.1. In that 
subsequent work we start from the conformal Einstein field equations with a general 
energy-momentum tensor as a source and specialize them to scalar field cases. 

In Section 2 we analyze the conformal Einstein-Maxwell equations. We first 
rewrite Maxwell's equations in the unphysical space-time, then translate the physical 
Bianchi identities and obtain differential equations for the unphysical Weyl spinor and 
Ricci spinor. In Appendix A we summarize a number of quantities, their relations and 
behaviour under conformal transformations in the Newman- Penrose formalism ([14]); 
these are extensively used in the main text and in Appendices B and C. In particular, 
all conformal equations for the gravitational and electromagnetic field analyzed in 
terms of spinors in Section 2 are projected on the spin basis (i.e. the null tetrad) 
and written down in the Newman-Penrose formalism in Appendix B. In Section 3 a 
suitable coordinate system and a convenient Newman-Penrose null tetrad which gives 
special values to some of the Newman-Penrose spin-coefficients are introduced in the 
neighbourhood of X~ . As noted above, these differ from those used by the authors 
of [10], and we shall show the differences explicitly in Section 3. In Appendix C we 
demonstrate that in contrast to [10] our choice of gauge admits simple static (i.e. 
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'periodic') space-times like flat space and the Reissner-Nordstrdm metric. In Section 
4 we follow [10] (although in a different conformal gauge) and study the problem in the 
NP formalism in the unphysical space-time, with data on I~ . Assuming periodicity 
along I~ we first discover that the only possibility is the independence of all geometric 
quantities of an affine parameter v along X~ . By induction we then prove that all 
derivatives of all geometric quantities, including the physical metric components, in 
the direction into the physical space-time must also be v— independent. The proof of 
Theorem 1.1 and Corollary 1.2 then follows from the assumed analyticity. 

This paper arose from a collaboration after P. T. posted his work [23] on the 
gr-qc arXive and J. B. informed him that he and his PhD. student M. S. were already 
engaged in tackling the same problem [20] . 



2. The conformal Einstein-Maxwell equations 

We first introduce conformal equations for the gravitational and electromagnetic field 
in the formalism of 2-component spinors. In Appendix B these equations are written 
down explicitly after the projection on a spin basis, in the form employed in the 
Newman-Penrose formalism. In the physical space-time, Maxwell's equations without 
sources are simply§ (see e.g. [22]) 

V AA ' 4> AB = 0. (2) 

They are conformally invariant if under conformal rescaling the Maxwell spinor <Pab 
tranforms with conformal weight 1, 

<j>AB = Sl<t>AB, (3) 

when the convention used in this article for conformal rescaling is cab = Q^cab- 
From the transformation of the derivative operator (see (A12)), in the unphysical 
space-time equations (2) become 

V AA ' ^AB = 0. (4) 

The situation is more complicated in the case of the gravitational field. The 
physical Bianchi identities read 

^C'^ABCD = Vfc®AB)C'D', (5) 

where ^abcd and §abc'D' are the Weyl and the Ricci spinor, respectively. Using 
the rules for the conformal transformation of these spinors (eq. (A15) and (A17)) we 
find 



tf^^ABCD = n Vfc$AB)C>D> + (V^o) $BC)C>D' + Vfc V A(C Vzy) B )fi, 

(6) 

where "4>abcd = abcd- These equations are the physical Bianchi identities 

written in terms of the quantities in the unphysical space-time. We simplify them by 
employing Einstein's equations in the physical space-time, 

^ ABA' B' = k(f>AB 4>A>B>- ( 7 ) 

Here we used the fact that the physical scalar curvature vanishes for the 
electromagnetic field; we put the constant factor k on the r.h.s. of (7) equal to 1 

§ Spinor indices arc labelled by A, A' , B, B' , ... and have values 0, 1. The metric has signature -2. 
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following the convention of [14], unlike, e.g. [18]. From eqs. (A15), (7) and (3) we 
obtain 

Va(A'V B ') S = ft 3 4>AB 4>A'B> ~ Q$ABA'B>- (8) 

Applying , symmetrizing and using Maxwell's equations (4), we can express the 
term containing the third derivative of ft appearing in (6) as follows: 

V(^Va(C'Vd')s)0 = 

30 2 ^CT>'^(ABVc)^ + ^4>C'D'^fc ( t > AB) - ^fc®AB)C>D> - (V(^ft)<&AB)C".D' • 

Inserting this result into (6) we arrive at the conformal Bianchi identities for the 
Einstein-Maxwell field expressed in terms of the quantities in the unphysical space- 
time: 

^A'tpABCD = %(t>A>B> (j>(AB V^)ft + ft 4>A'B> ^f C ^AB) ■ (9) 

Projecting these equations onto the spin basis we obtain the set of the equations which 
are explicitly written down (using the NP formalism) in Appendix B, see (B5a)-(B5/i). 
Equations (9) are differential equations for the unphysical Weyl spinor. To obtain the 
equations for the Ricci spinor we use the Bianchi identities valid for quantities in the 
unphysical space-time: 

V^*ABCD = ^fc^AB)C'D'- (10) 

Combining the last two equations, we get 

Vf c $AB)A'B' = IpABCD V^'ft + 3 ft (j) A 'B' 4>(AB ft + ^ 4>A> B'^fc 4>AB)- 

(11) 

In the following we shall also need the expression for quantities VAA'Vss'ft. Let 
us decompose Vaa'^bb'^ into its symmetric and antisymmetric parts, 

VaA'Vbb'^ = Va(A'V B ')B^ + \ £A'B' VAC'Vg'ft. (12) 
The first term on the r.h.s. is given in (8), the second term can be decomposed again: 
VAC'Vg'ft = V^Vgjft + ^e AB an. (13) 

Since the operator Vc'(a^b) 1S J ust tnc commutator V[ a Vfc] contracted by e A B , it 
annihilates scalar quantities. Using equations (8), (12) and (13) we obtain 

3 - 1 

VaA'Vbb'O = ft 4>AB<t>A>B' - " ABA' B' + J CA'B' ^AB 

(14) 

It will be convenient to introduce the quantity 

f = x - ft- 1 (Vaa'O) (w AA 'n), (15) 

which can be seen to be smooth in the unphysical space-time from the rule for the 
conformal transformation of the scalar curvature (A15) in the form 

□ft = 4ftA - 4ft" 1 A + 4F, (16) 

since the physical scalar curvature A = for the electromagnetic field. From equation 
(14) we now obtain the following expressions for the second derivatives of ft: 

VAA'Vss'ft = ft 3 (j>AB 4>A'B' - ft ^ABA'B' + ZA'B' ZAB {F + Q. h). 

(17) 
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Finally we wish to derive expressions for \7 AA >F. Directly from the definition of 
the unphysical Riemann tensor and from the decomposition (A3), we have 

(Vaa'Vbb- - Vbb>Vaa>) V BB 'il = -2$ ABA , B ,V BB 'n + 6 A V AA , ft. (18) 

Employing Maxwell's equations (4) and the contracted Bianchi identities (A21), we 
find that equations (14) and (18) imply 

v aa ,f = n 2 4>1 4>% v BB ,n - t> ABA , B ,v BB 'n + Av AA ,n. (19) 

3. Coordinates, tetrad and conformal gauge 

We assume that we have an analytic, time-periodic solution of the Einstein-Maxwell 
equations and an analytic, time-periodic conformal factor so that the unphysical metric 
with I~ also has these properties. We construct a convenient coordinate system and 
a Newman- Penrose null tetrad in the neighborhood of 1~ (see Figs. 1,2). We stay in 
the unphysical space-time in order to include Z~ . Let S C X~ be a particular space- 
like 2-sphere. We can introduce arbitrary coordinates x 1 , 1 = 2, 3 on S and propagate 
them along X~ by the condition 

VjX J = 0, (20) 

where 7 = j(v) is an affinely-parametrizcd null generator of X~ . We may set v = 
on S. The triple (v, x 2 , x 3 ) represents suitable coordinates on T~ . In order to go into 
the interior of space-time we introduce the family of null hypersurfaces Af v orthogonal 
to I~ and intersecting X~ in the space-like cuts S v of constant v. Let 7' = 7'(r) be 
the null generators of the surface Af v labeled by x 1 . Here, r is the affine parameter 
which can be chosen so that r — on 1~ and g(dv, dr) = 1 at 1~ . We propagate the 
coordinates v and x 1 onto Af v by conditions 

V^x 1 = 0, V r w = 0. (21) 
We thus have established a coordinate chart 

x^ = (v, r, x 2 , x 3 ) , (i = 0, 1, 2, 3 , (22) 
in the neighbourhood of past null infinity. | 




S 



Figure 1. Construction of coordinate system. 

|| Components of tensors with respect to the basis induced by these coordinates will be labelled by 
Greek letters fi, v, .... Components with respect to an arbitrary tetrad will be labelled by Latin letters 
a, b, ... from the beginning of the alphabet. Indices labelled by capital letters I, J,., have values 2, 3. 
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Next we construct a suitable Newman-Penrose null tetrad. N v are null 
hypersurfaces v = constant, therefore the gradient of v is both tangent and normal to 
J\f v ; we denote it by 

n a = V a v . (23) 
Since n a is tangent to 7' along which only r varies, 

On each cut iS„ r : u, r = constant there exists exactly one null direction normal to S vr 
not proportional to n a . We choose the vector field l a to be parallel to this direction 
and normalize it by n a l a = 1. It can be written in the form 
(9 d d 

dv dr (9a; 7 ^ 

On I - / is tangent to the generators 7(f), so functions and C 1 vanish on I~. The 
conformal gauge can be chosen so that 

^ = 1 on I'. (26) 
or 




Figure 2. NP null tetrad. 



Let us now turn to the 2-spheres S vr on which di are basis vectors. Since S vr is 
a space-like sphere, we choose, following standard procedure, a complex vector m and 
its complex conjugate m, such that 

m a m a = , m a m a = -1 ; (27) 

m has the form 

where P 2 ,P 3 are complex functions. The coordinates x 1 can be chosen to be the 
standard spherical coordinates, x 1 = (9,4>). Then the appropriate choice of the null 
vector m at 1~ is (see e.g. [22]) 

m = ±= (do + -T^^Y P 1 = 4= f^-^V ( 29 ) 

The vectors m, fh are orthogonal to Z and n. The contravariant components of the 
tetrad read 

l" = (l,-iJ,C 2 ,C 3 ), 

=(0,1,0,0), (30) 
m* 1 = (0,0,P 2 ,P 3 ). 
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The contravariant components of the metric tensor are given, regarding the relation 
g» v = 2l^n v "> - 2m^m v \ by the matrix 

/ 1 \ 

1 -2H C 2 _ _C 3 

C 2 -2P 2 P 2 -P 2 P 3 - P 3 P 2 

\ C 3 -P 2 P 3 - P 3 P 2 -2P 3 P 3 

Using (30) and the inverse of (31) we find the covariant components of the tetrad 
vectors: 

i„ =(H, 1,0,0), 
n M = (1,0,0,0), 
m„ 



/ 



(32) 



where 



R, - P ' 



,^?3 — 



p3 p2 _ p2 p3' 



(33) 



3m * 



V 



—luR 3 — loR 3 
_ 

-R3R2 — R2R3 
—2R3R3 



\ 



(34) 



p2 p3 _ p3 p2' 

uj = -C 1 Rj. 

The covariant components of the metric are 

/ 2H- 2lou) 1 -L0R2 - wi? 2 

1 

-ujR 2 - CjR 2 -2i? 2 -R 2 

-uiR 3 — ujRs —R3R2 — R2R3 

The vectors l,n,m and to constitute the NP tetrad. However, it is not unique since 
there is a rotation gauge freedom m — > e* x m which will be used later. Following the 
standard notation of the NP formalism (e.g. [14], [22]), we define the operators: 

D = l a V„ , A = n a V a , 5 - m a V a . (35) 

We shall also employ the spin basis (o A , l a ) associated with the null tetrad, 

l a = o A d A ' , n a = l a l A ' , m a = o A l A ' , (36) 

normalized by l a = 1. Note that this coordinate and tetrad system has some more 
gauge freedom associated with it. In particular we may make another choice d with 
O = 6fi where is also periodic and takes the value one at I - . Thus 

9ab = Q~ 2 9ab = Q~ 2 9ab, 

and so g a b — © 2 .9afc- We assume that 6 = 1 + f(v,r, x 1 ) with / = 0{r). This will 
change the definition of the afhne parameter r , to f say, and then we must accompany 
the change of conformal factor with a null-rotation of the tetrad so that 5 is tangent 
to the sphere S v ? , thus 



n a = n a , 

m a = 0(m a + Zn a ), (37) 
l a = 2 (l a + Zm a + Zm a + ZZn a ), 

where Z, which parametrises the null rotation, is fixed by requiring Sr = 0; the 
associated operators change according to 
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A = e~ 2 A, 

5 =6- 1 (5 + ZA), (38) 

D = D + ZS + ZS + ZZA. 

With the coordinate v common to both systems, we define f as the affinc 
parameter with 

Ar = 6~ 2 Af = 1. 
This can be integrated to give 

f= f Q 2 dr = r + C>(r 2 ), (39) 
Jo 

and we need 

Q = 5f = Q- 1 {5f + ZAf) 1 

so that 

Z = -Q- 2 Sf, 

which can be calculated from (39). Note that Z = 0(r 2 ). We shall need to exploit 
this gauge freedom below. Next we examine what special values some of the spin 
coefficients take due to the above choice of the null tetrad (we calculate for the 
unhatted system, but the same relations hold in the hatted systems). Acting by 



the commutators (A2) on the coordinate v, we find 

7 + 7 = a + f3 — ft = v = p, — p, = 0. (40) 
Furthermore, commutators [S, A]r and [S, S]r give 

T-a-/3 = p-p = 0. (41) 

Applying the remaining commutators on the variables v, r and x 1 leads to the "frame 
equations", i.e. the equations for the metric functions H.C 1 and P 1 : 

AH =-(£ + £), (42a) 

SH =~k, (426) 

AC 1 =-2?rP I - 2TCP 1 , (42c) 

SP 1 - 6P 1 =(a-fi)P I - (a~f3)P I , (42d) 

AP 1 = -(n-j + ^P 1 - XP 1 , (42e) 

SC 1 - DP 1 = -{p + e-e)P I - a P 1 . (42/) 



Since the generators j(v) oil are affinely parametrized null geodesies, Dl a = on 
T~ . Comparing this with the general relation 

Dl a = (e + e)l a - Rm a - k m a , (43) 

we see that 

£ + £ = «; = on 2T. (44) 

Next we wish to show that the freedom in choosing the basis (m, in) of the space 
tangential to <S„ r allows us to set 7 = 0. From the definition of 7 (eq. Al) we have 
7 — 7 = m°Am„. Under the rotation through x, 

m a -> e tx m a , (45) 
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the quantity 7 — 7 transforms according to 



7-7^7-7 + * A x, (46) 
so by solving the equation 

A X = *(7-7), (47) 

and regarding (40) we can set 

7 = 0. (48) 

Because the A— operator is the derivative with respect to the coordinate r, further 
rotation (45) with an r— independent function \ does not violate the equality (48). 
The quantity e — e under the rotation (45) transforms according to 

e-e^e-e+ iDx- (49) 
Solving the equation 

D X = i(e - e) (50) 
on X~, where r = 0, we set e = e which, together with (44), implies 

e = on X". (51) 

To end this section, we exploit the gauge freedom (37) and (38) to achieve a further 
simplification. From the commutator [<5, A] (see (A2) with the values of the spin 
coefficients fixed above) we calculate 

A = e- 2 (M + e- 1 A6), 

so that we can set ft = by choosing 



6 = cxp ^— J /idr 



Having done this, we omit the hats. 

In order to elucidate the differences between our choice of the coordinate system 
and the null tetrad and those used by Gibbons and Stewart, we conclude this section 
by giving the details of their construction. Instead of the affine parameter r they use 
coordinate u, defined as follows. Let Sq be a spacelike cut on Z~ and N' , S' a N' , the 
null hypersurface such that the null generators of A/ 7 are orthogonal to Sq. Now, the 
real function u on Af' is defined in such a way, that u = on S' , and u =constant on 
spacelike two-surfaces S u . The cut S u defines another null hypersurface Af u with null 
generators orthogonal to S u . The coordinate u is obtained by setting u =constant on 
N u . Similarly, the family of null hypersurfaces N„ orthogonal to spacelike cuts S' v on 

with v being the affine parameter along the null generators of is constructed. 
Coordinates x 1 are chosen freely on S Q and propagated into the spacetime along Af' 
and N u . The functions x^ — (u,v,x 2 ,x 3 ) constitute a coordinate system in the 
neighbourhood of Z~ but note that in these coordinates the vector field d v is null, 
which it is not in our coordinates. 

The NP tetrad used in [10] consists of vectors tangent to J\f u , n, tangent to 
A/^, and m,m spanning the tangent space of S and propagated into the space-time. 
The coordinate expression of the tetrad reads (this should be compared with our 
expressions (24), (25) and (28)) 
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I = Qd v , n = du + C 1 d I: m = P 1 <9j, (52) 
where Q, C 1 and P 1 are metric functions. In this tetrad, the following equation holds: 
An a = -(7 + 7)71°. 

Therefore, the null generators of M' v are geodesies, but u is not an afhnc parameter. 

The periodicity of the spacetime is defined as the periodicity of all geometrical 
quantities in the variable v. It is shown in [10] that K = d v is the Killing vector 
of the metric and concluded that the spacetime is stationary. However, K is null 
everywhere by construction as it is tangent to the null generators of J\f u , while the 
stationarity requires the timelike Killing vector. Thus, it is impossible to conclude 
that the spacetime is stationary from the fact that K is the Killing vector. As was 
mentioned in the introduction, even the Minkowski spacetime does not possess the 
Killing vector which is everywhere null and tangent to Z~ . 

In the following, we use the coordinates and the tetrad introduced in the beginning 
of this section. We show that K — d v is a space-time Killing vector which is null on 
I~ , but timelike in its neighbourhood. 

4. Proof of the theorem 

Having chosen coordinates and tetrad and fixed special values of some of the NP 
coefficients we now analyse all geometric quantities assuming analyticity in the chosen 
coordinates and periodicity on I~ in v. Following [10] we introduce the notation 

So = DO. , Si = 69, , S 2 = Aft , 

I , - , (53) 

F = ^(SoS 2 - Si Si) ,Vn = n = 0,l,2,3,4, 

where ^ n are the NP components of the Weyl spinor (see eq. (A10)). In the case 
of asymptotically-flat space-time they vanish on so assuming smoothness, the tp n 
arc regular there. Tangential derivatives of the conformal factor vanish on I - , i.e. 
So = Si = 0, and so, again by smoothness, the quantity F is regular on I~ . The 
remaining component of Vf2 is S 2 which is 1 on I~ (cf. (26)), so that its tangential 
derivatives also vanish on I~ . Equations (17) and (19) are explicitly written down in 
the NP formalism in Appendix B as (B2a) - (B4c). Equations (B2d)-(B2j) show that 
on I~ 



u =0, (54a) 

F = 0, (546) 

p =0 (54c) 

7f =0 = /3 + a = r, (54d) 

AS = 0, (54 e) 

AS 2 = 0, (54/) 

ASi = 0. (54.g) 
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Since F = on X , also the tangential derivatives DF and SF vanish there. From 
equations (B4a) and (B4&) we thus obtain 

$00 = $01=0 on r. (55) 

The metric functions P 1 on T~ are given by (29). Inserting this expression into the 
frame equation (42d) and using relation (54oQ we find 

a = -/3 = ^cote on 2T. (56) 

2 v 2 

The Ricci identity (A20g) now shows that 

A + $n = i on 2T. (57) 

In order to discover the behaviour of the other relevant quantities we shall take 
into account the properties of the Bondi mass. In a general asymptotically flat 
electrovacuum space-time the total mass-energy at I + is defined by the formula (see 
e.g. [4]) 

M B = -^j=J AS (*° + a f) . (58) 

By the superscript we denote the leading term in the asymptotic expansion of 
a quantity superscripts 1,2,... then denote higher-order terms, for example, a = 
~° fl 2 + (T 1 ^ 3 + 0(il 4 ). The rate of decrease of the Bondi mass is given by 

M B = - [ dS (a d° + 0° fa] ] . (59) 



The quantities a and fa, i = 0,1,2, are defined in (Al) and (A26). Following the 
"conversion table" between I + and I~ (see (A14)), we analogously define the Bondi 
mass at I~ by 

M B = -^=JdS + X° X^j . (60) 

Since radiation comes into the physical space-time through X~ but can't exit through 
it, the total mass energy at Z~ cannot decrease. Its rate of change in (advanced) time 
v along 1~ is given by 

M B = -L f dS (x X + $ 4>° ) . (61) 



2\AF. 

Now we assume periodicity. But a non-decreasing periodic function must be a 
constant. Hence, our assumption of periodicity of the mass-energy at I~ requires 

A° = 0, 0° = . (62) 

The leading term in the asymptotic expansion of is then ^>q = X = 0. Regarding 
equations (A16) and (A18) and putting ^[J = 0, we can write the asymptotic expansion 
of near T~ as 

*o = *J fi 2 + 0(n 3 ), (63) 
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or (cf. cq. (53)) 

-00 = O(fi). (64) 
Equation (63) implies 

A* = onF . (65) 
Similarly, eq. (A27), where we put 0q = 0, implies <f> € 0(Cl) and 

A0 O = 0o ^2 on I" . (66) 

The geometrical quantities consist of the tetrad components, which give the metric 
functions, the spin coefficients and the components of the Weyl and the Ricci tensor on 
X" . Because of our assumption of the periodicity of gravitational field, the geometrical 
quantities are all assumed to be periodic in the variable v on Z~ . We do not assume 
the periodicity of the electromagnetic field since this field may not have the same 
symmetries as the gravitational field (this is the issue of inheritance which we shall 
return to). We have shown that the following spin coefficients vanish on Z~ (and thus 
do not depend on v): 

H,p,cr,K,e,v,j,Tr,T. (67) 

The spin coefficients a and (3 are v— independent because of (56). Now we wish to 
show that also the last spin coefficient A is independent of v. The Bianchi identity 
(A23a) together with (65) and (55) shows that 

L»$ 02 = on I~. (68) 
If we now apply D to the Ricci identity (A20<?), we get 

D 2 \ = on 1~. (69) 
The general solution of this equation on Z~ is 

A = A<°> + v\W, (70) 

where A^ ^ and A^ are functions independent of v. Since A is assumed to be periodic 
and a polynomial in v can be periodic only if it is constant, we get A = A^°) and 

DX = on X". (71) 

(we borrow this style of argument from [10] where it is used extensively). The Ricci 
identity (A20g) then implies 

$02 = on I~ . (72) 

The Ricci identity (A20fc) on Z~ becomes 

A = 0, (73) 

and then by (57) $n = 1/2 there. Now from (A22c) and D on (A20fc), D<f> 12 and 
D<&22 vanish at X~ . We collect these results and some similar ones as a lemma: 

Lemma 4.1. The following are zero on X" 

H, C A ,p, a, 7r, n, e, S , Si,F, ip , $oo, $oi, $02, 00, A, 

DP A , Da, DP, DS 2 ,D\, £>$ n , D$ 12 , D$ 22 , D^ X ,D^ 2 , D^ 3 ,Dip 4 , Dfa 

DAS ,DAS!,DAS 2 . 



No periodic asymptotically flat solutions of the Einstein- Maxwell equations. 15 



Proof. The first line is done already, as is the second line up to Dvpi , which comes from 
(B5a). From D applied to (B56)-(B5d) we obtain D 2 ipi = whence by periodicity 
Dipi — at 1~ , in order for i = 2, 3,4 . The same procedure applied to (A29a), (A29&) 
takes care of D(f>i,D<p2- Then the third line follows from D applied to (B2/i)-(B2j). □ 

Now we turn to the proof of the Theorem. We set up an induction with 
the following inductive hypothesis: Suppose inductively that d v A^Q = at I~ for 

< j < k with Q one of 

H, C\P\ e, 7T, A, /3, a, p, a, n, F, ip u , A (74) 
and for < j < k + 1 with Q = Si. 

This is easily seen by the Lemma to hold for k — 0, so we need to deduce it for j = k + 1 
from its truth for j < k. In this calculation, we use the fact that d v = D at and 
make extensive use of the commutators (A2). Under the inductive hypothesis, the 
inductive step follows 

• for H.C^P 1 from (42 a), (42 c) and (42 e); 

• for e,Tr,X,P,a,p,a,K, respectively, from (A20j), (A20i), (A20j), (A20Z), (A20o), 
(A20n), (A20m) and (A20c); 

• for F from (B4c); 

• for 0o and <p\ directly from (A29c) and (A29d) respectively; for 2 , from (A29&) 
we deduce at I~ 

D 2 A k+1 fo = 0, 
and then periodicity implies 

DA k+1 (f> 2 = 0; 

• for tpi,i = 0, 1,2,3 from (B5e)-(B5/i); for ip4, under the inductive hypothesis, we 
deduce at T~ 

D 2 A k+1 tp 4 = 
from (B5d) and then periodicity implies 
DA k+1 ip 4 = 0; 

• for $oo, < Soi,*02,*i2 from (A226), (A236), (A22rf) and (A23rf) respectively, all 
with = flip n ; then for A, $ n and $ 2 2 we use (A20/i), (A24c) and (A20A;). 

This completes the inductive step for the first set of quantities Q. For Q — Si we use 
DA k+1 applied to (B2ft)-(B2j). Thus r-derivatives of all orders of the quantities in 
(74), which includes the metric functions H.C 1 and P 1 , are independent of v. Now 
analyticity in r forces these functions to be independent of v. Therefore, by (30), the 
metric components are all independent of v and so K := d/dv is a Killing vector of 
the unphysical metric. However, for any j, 

d v A j n = d v A j ~ 1 s 2 , 

at I~ and the r.h.s. vanishes for all j. Thus, by analyticity in r, il is also independent 
of v and so if is a Killing vector of the physical metric too. The norm-squared of the 
Killing vector is 

g(K, K) = 2(H-uu). 
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This is 0{r 2 ) at I" but there 

A 2 g(K , K) = 2A 2 H = -2A(e + e) = 2 

so that K is null at Z~ but time-like just inside: the metric is stationary. □ 
This completes the proof of the theorem. Note that we have shown that, under 
the assumption of periodicity of the space-time and the electromagnetic field, both 
fields are necessarily time-independent (in fact we assume slightly less, namely that 
the space-time is periodic and that <f>2 is periodic). A slightly different question is 
whether a stationary asymptotically-flat gravitational field might be produced by an 
electromagnetic field which is not itself stationary. The content of the Corollary 1.2 
is that the answer is no. 



Proof of Corollary 1.2. Starting from the assumption that the metric admits d v 
as a Killing vector, we want to show that this is also a symmetry of the Maxwell field. 
We have 

$ij = Q 2 fcfa, (75) 
and d v <&ij — so that, for some x possibly depending on v, we have 

<j>i = e ix <pi, (76) 

where ipt is v— independent. From the Maxwell equation (A29a), with 4>q = on I~ , 
we find 4>iDx = on 1" so that D\ = unless <j)\ — there. If (f>i = there, (A29&) 
gives D\ — unless 4>i — 0, so we can conclude that Dfc = onl". Now we set 
up an induction to show that DA n (f>i — on I~ for all n e N and i = 0, 1, 2. The 
inductive hypothesis will be 

(Vfc < n)(Vi G {0, 1, 2}){DA k 4> l = on (77) 

Then by DA n on (A29c) and (A29rf) we obtain this for k = n + 1 and i = 0, 1. For 
i = 2, DA n+1 on (A296) gives 

D 2 A"+V2=0 on I~, (78) 

which integrates to give A n+1 </>2 = av + b. This would contribute a v— dependent term 
to $22 at 0(n 2n+i ), a contradiction unless a = 0. Then DA n+1 <j) 2 = on X", which 
completes the induction. 

By assumption, the Maxwell field is analytic and so has a convergent power series 
in r near to X~ and we have shown that all coefficients are v— independent. Since the 
spinor dyad is Lie-dragged by the Killing vector, this proves that the Maxwell field is 
too: in this situation the Maxwell field inherits the symmetry. □ 
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Appendix A: The Newman-Penrose formalism and conformal 
transformations in Einstein-Maxwell space-times 

Al. Gravitational field 

In the NP formalism, the spin coefficients are the Ricci rotation coefficients with 
respect to a null tetrad {/, n, m} with the corresponding spin basis oa, la] they encode 
the connection. The twelve independent complex coefficients are defined by (see e.g. 
[22], [14] for details) 

K = m a Dl a = o A Do Al t = m a Al a = o A Ao A , 

a = m a Sl a = o A So A , p = m a Sl a — o a 5oa, 



e = i [n a Dl a - m a Dm a ] = i A Do A , [3 

1=\ [n a Al a - rh a Am a ] = i A Ao A , a 

it = n a Dfh a = l a Dla, v 

A = n a 5fh a = l a 6la, /x 



]- [n a 5l a - m a 5m a ] = l a 5o a , 

1 (Al) 

- [n a 5l a - m a 6m a ] = l a 5o Ai 



= n a Am a = l a Al a , 
= n a 5fh a = l a 5la, 



DS 


- 5D 


= (7f- 


a - (3)D - kA + (p - 


e + e)5 + cr(5, 


AD 


- DA 


= (7 + 


7)D + (e + e)A - (f - 


f n)5- (T + n)5, 


AS 


- 5A 


= DD - 


f (a + [3 - r)A + (7 - 


7 - n)5 - X5, 


55 - 


- 55 


= (M- 


p)D + (p- p)A + (a 


- (3)5 - (a - [3)5. 



where D = V;, A = V„, 5 — V m . Acting on a scalar, the operators D, A, 5 obey the 
commutation relations: 



(A2) 



The Riemann tensor can be decomposed as follows: 

Rabcd Cabcd 

+ ^ ABC D' f-A'B' tCD + <&A'B'CD <^AB tC'D' 

+ A (e A c £bd + £bc 6 ad) za'b 1 ^cd 1 
+ A (e A 'c £b<d> + £b<c< £A'd>) <^ab <^cd- 

The first part is the Weyl tensor whose spinor equivalent is the totally symmetric Weyl 

spinor ^abcd- 

Cabcd — ^ABCD ^A'B' CCD' + ^ A'B'C'D' <^AB CCD- (A4) 

The scalar A is related to the scalar curvature R by 

k = Ya k (A5) 

The symmetric Ricci spinor <&abc d> is equivalent to the trace-free part of the Ricci 
tensor: 



(A3) 



R ab = -2§ABA>B> + 6 A e AB e A >B>- (A6) 
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The spinor equivalent of the Einstein tensor is 

G ab = -2$ A BA'B' - 6 A CAB CA'B', (A7) 

and the spinor equivalent of Einstein's equations is 

$ABA'B' = — 3 A CAB tA'B' + ^kTabA'B'- (A8) 

Taking the symmetric part or contracting them with e AB e A B , respectively, we obtain 
two equations, equivalent to (A8): 

& ABA' B' = 4 7rT( AB )( j4 'B'), 

3A = 7riyv'- 

The five complex components of the Wcyl spinor are 





= Cabcdl a m b l c m d 


= ^ABCD A B C D , 




*1 


= C abcd l a n b l c m d 


= ^ABCDO A B C i D , 






= C abcd l a m b m c n d 


= *ABCDO A B L C L D , 


(A10) 


*3 


= C abcd l a n b fh c n d 


= ^ABCDO A , B i C , D , 




* 4 


= C abcd m a n b rh c n d 


= ^ABCUi A i B i C i D . 





The traceless Ricci tensor has the following components (3 real and 3 complex): 



$00 = 


— ■^Rabl a l h 


= ^ ABA' B 1 


o A o B b A 'o B 


$01 = 


-\R ab l a m b 


= ^ ABA' B 1 


o A o B 5 A 'l B ' 


$02 = 


-^Rabm a m b 


= $ABA'B< 


o A o B T A 'l B ' 


$11 = 


—Rob (l a n b + m°m 6 ; 


) = $ABA'B' 


A L B A 'l B ' 


$12 = 


-^R ab n a m b 


= ®ABA'B' 


o A L B Z A 'l B ' . 


$22 = 


- X -R ab n a n b 


= $ABA'B' 


L A L B l A 'l B '. 



(All) 



The three remaining components can be obtained via the condition $ jj = <&jj . Under 
the conformal rescaling g ab — Q 2 g a b the covariant derivative acting on a 2-component 
spinor transforms as 

Vaa'£b = Vaa<6? + ft -1 U Vba'^- (A12) 

The NP quantities also transform. To find relations between the physical and 
unphysical quantities we have to transform the null tetrad. We wish to keep 
n a = n a = d a v so the correct choice is 



o A = o A , 


L A 


= n- 1 i A , 


OA 


= n o A , 


l-A 


= I A , 


l a = l a , 


n a 


= n- 2 h a , 


m a 


= n- 1 ^ , 


fh a 


= n- x m (A13) 


I - ti 2 l 


n a 


= n a , 


m a 


= Qm a , 


fha 


= Qm a , 



from which the transformation of the spin-coefficients can be found. 

The geometrical meaning of the spin coefficients depends on the choice of the null 
tetrad. With our choices, the vector / is pointing into I + , while n is tangent to I + . 
On X~ the role of these vectors is interchanged, n is pointing from I~ and I is tangent 
to it. To convert quantities from I + to Z~ we have only to switch the spinors o A and 
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l a (and adjust some signs). The correspondence between the quantities on I + and 
I~ is given in the following table: 

K -H- V, T O 7T, 

a A ' ' * (A14) 

«• * 4 _ n , $ 4J «• *(2-*)(2-j)- 

The scalar curvature and the Ricci spinor transform according to the formulas 

r = n 2 R - 6nan + i2 g ah (v o 0) (v 6 n) , 

_! (A15) 

®ABA'B> = ^ABA'S' + ^ Va(A'Vb')B^> 

the NP components of the Weyl spinor as 

*„ = fi n tf n . (A16) 
The Weyl spinor is conformally invariant with weight zero: 

^ABCD = ^ABCD • (A17) 

Because the physical Weyl spinor vanishes on X~, so does the unphysical one, and 
assuming smoothness is therefore 0(il). Then we get 

*„ e o(n n+1 ) . (Ai8) 

The Ricci identities can be written in the spinor form as follows: 

V A'(iVg)fc = ®abcd€ d - 2A^( j4 e B ) C ., (A19) 

Vi(A'V^)fc = ^CDA'B'i D ■ 

Substituting the basis spinors oa and la for £a and projecting the last equations onto 
the spin basis we obtain the Ricci identities in the NP-formalism: 

Dp - 5k = p 2 + (e + e) p - n (3a + (3 - n) - tR + oo + $ o, (A20a) 

Do - 5k = (p + p + 3e - e)a - (r - n + a + 3/3)k + * , (A20&) 

Dt - Ak = p(r + tt) + cr(f + tt) + (e - e)t - (37 + 7)/t + *i + $ i, (A20c) 

Da - 5s = (p + s - 2e)a + (3d - j3e - k\ - R-y + (e + p)ir + $i , (A20d) 

D/3 - 6s = (a + n)a + (p - e)/3 - (p + j)k - (a - n)s + (A20e) 
D'f — Ae = (t + n)a + (f + Tr)f3 — (e + e)7 — (7 + 7)2 + ttt — vk 

+ *2-A + *n, (A20j) 

DA - <5tt = (p - 3e + e)A + op + (tt + a - /3)tt -vk+ $20, (A20g) 

Dp - 6tt = (p - e - e)p + o\ + (tt - a + /3)tt - z/k + * 2 + 2A, (A20A) 

Dv - An = (tt + f)p + (tt + r)A + (7 - 7)tt - (3e + s)v + * 3 + $21, (A20z) 

AA - 5v = -(p + p + 37 - 7)A + (3a + j3 + tt - f )v - * 4 , (A20j) 

Ap-5v = -(p + 7 + 7)p - AA + vtt + (a + 3/3 - r)v - $22, (A20fc) 

- 5-f = (a + P - t)7 - pr + ov + ev + (7 - 7 - p)/3 - aA - $12, (A20/) 

Act - 5t = -(p - 37 + 7)cr - Ap - (t + /3 - a)r + Ki> - $02, (A20m) 

Ap - (5r = (7 + 7 - p)p - crA + (/3 - a - f )r + - * 2 - 2A, (A20n) 

Aa - <57 = (p + e)i/ - (r + /3)A + (7 - p)a + (/? - f) 7 - * 3 , (A20o) 

<5p - 5(7 = (a + /3)p - (3a - /3)cr + (p - p)r + (p - p)K - *i + * i, (A20p) 
<5a - <5/3 = pp - Act + a« + /3/3 - 2a^ + (p - p)7 + (p - p)e - * 2 + A + $n, (A20g) 

6\-6n=(p- p)v + (p - p)tt + (a + ^)p + (a - 3/3)A - * 3 + $21- (A20r) 
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The spinor form of the Bianchi identities is 

, 3 

Vg/*ABOD = <&BCA>B' + £C(A Vb)B' A - -£AfiVcB'A. 

(A21) 

Projecting these equations onto the spin basis leads to the Bianchi identities in the 
NP formalism: 



L>*i - 5* - D$oi + 5*oo = (tt - 4a)* + 2(2p + e)*i - 3k* 2 + 2k*h 

-{it -2a- 2/3)* 00 - 2er* 10 - 2(p + e)* i + k$02, 
Z?* 2 - + A* 00 - 5* i + 2DA = -A* + 2(7r - a)*i + 3p* 2 - 2k* 3 

+2p*n + ct$ 2 + (27 + 27 - p)* 00 - 2(a + f )$oi - 2r$i , 
£>* 3 - 5*2 - £>*2i + 5$2o - 25A = -2A*i + 3tt* 2 + 2(p - e)* 3 - k* 4 

+2p*m - 2tt$ii - (2/3 + 7T - 2a)$20 - 2(p - e)* 2 i + k$22, 
£>* 4 - 5* 3 + A* 20 - 5* 2 i = -3A* 2 + 2(a + 2tt)* 3 + (p - 4e)* 4 + 2z/*i 

-2A*n - (27 - 27 + p)* 2 o - 2(f - a)* 2 i + o$22, 

A* - 5*i + D* 02 - 5* i = (47 - p)*o - 2(2r + /3)*i + 3cr* 2 

+(p + 2e - 2e)* 02 + 2cr$ n - 2k$ 12 - A* 00 + 2(tt - /3)* i, 
A*i - 5*2 - A$ i + 5*02 - 25A = i/* + 2(7 - p)*i - 3t* 2 + 2cr* 3 

-i>*oo + 2(p - 7 )*oi + (2a + f - 2/3)* 02 + 2<r*n - 2p*i 2 , 
A* 2 - 5*3 + L>*22 - 5*2i + 2AA = 2z/*i - 3p* 2 + 2(J3 - r)* 3 + cr* 4 

-2p*n - A*20 + 2tt*i2 + 2(/3 + 7f)*2i + (p - 2e - 2e)$ 2 2, 
A* 3 - (5*4 - A*2i + 5*22 = 3z/* 2 - 2(7 + 2p)* 3 + (4/3 - r)* 4 - 2z/*n 

-/>* 20 + 2A$i2 + 2(7 + p)$ 2 i + (t - 2/3 - 2a)* 22 , 



(A22o) 
(A22&) 
(A22c) 
(A22d) 

(A23a) 
(A23&) 
(A23c) 
(A23d) 



D* n - 5* 10 + A*oo - 5*oi + 3-D A = (2 7 + 27 - p - p)* 00 + (tt - 2a - 2f)* i 
+ (tt - 2a - 2r)*i + 2(p + p)*n + ct* 2 + t* 20 - «*i2 - «*2i, (A24a) 

L»*i2 - 5*11 + A$oi - 5*02 + 3(5 A = (27 - p - 2p)* i + z>* 00 - A*i 

(A24o) 

+ 2(tt - r)*n + (tt + 2P - 2a - f )* 02 + (2p + p - 2e)*i 2 + cr* 2 i - k* 22 , 

£>*22 - 5*2i + A$n - 5$i2 + 3AA = z/* i + P*io - 2(p + p)*n - A* 2 - A* 2 o 
+ (2tt - f + 2/3)$i2 + (2/3 - t + 27f)*2i + (p + p - 2e - 2e)* 22 . (A24c) 
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A 2. Electromagnetic field 

For the description of an electromagnetic field we use the electromagnetic field tensor 
F a b and its spinor equivalent 4>ab ■ 

F a b = 4>AB £A>B> + 4>A>B> CAB- (A25) 

The NP components of the Maxwell spinor are defined by 

cj> =F ab l a m b = c/> AB o A o B 

<t>x = \ Fab [l a n b - m a m b ] = 4>ab o a l b (A26) 

fa = F ab fh a fl b = $AB L A L B 

The conformal transformation of these quantities is given by 

4> AB = Sl(f>AB, & = n i+1 0i. (A27) 

Maxwell's equations without sources are equivalent to the (conformally-invariant) 
spin-1 zero- rest- mass equation 

V A A , 4>ab = 0. (A28) 

Projecting this onto the spin basis we obtain Maxwell's equations in the NP 
formalism: 

Dfa - S<j)o = (tt - 2a)(j) + 2p<f> 1 - K(f> 2 , (A29a) 

D<j> 2 - S4>! = -\<f) + 27r^i + (p - 2e)<j)2, (A296) 

A0 O - Scj)! = (2 7 -^ - 2t4>! + afa, (A29c) 

A0i - 6<fo = i«f> - 2^ + {2P-t)4> 2 . (A29d) 



Appendix B: Conformal field equations 

Bl. Einstein-Maxwell fields 

The projections of the equation (17), 

Vaa' Vbb'O = O 3 4>ab 4>a>b> - H Q ABA 1 B' + (F + flA)e A , B > e AB , (Bl) 
onto the null tetrad imply the following system of equations: 



DS 


+ (e + e)S -\ 


- k5i 


+ «S\ 


= O 3 o < 


So 


- O$oo, 


(B2a) 


DSi 


- nS + (e- 




+ ACS2 


= O 3 o( 


Si 


- O$ i, 


(B2&) 


SS - 


-(a + P)So + 


P-Si 4 


- crSi 


= O 3 O ( 


Si 


- O$ i, 


(B2c) 


(55*1 


- XS + (a - 


/3)Si 


+ ct52 


= O 3 o < 


S 2 


- O$ 2, 


(B2d) 


DS 2 


— F — OA - 


- ttSi 


- 7fS\ + (e + e)S 2 


= O 3 1( 


h 


- n*n, 


(B2e) 


6S! 


+ f + oa - 


M'S'o H 


- (fi - a)5i + pS 2 


- O 3 1( 


h 


- 0$u, 


(B2/) 


ss 2 


— /itSi — XSi 


+ (a 


+ /S)S 2 


= O 3 1( 


h 


- n*i 2) 


(B2. 9 ) 


AS 


— F — OA - 


- (7 + 


7 )5"o + rS 1 ! + r£\ 


= O 3 1( 


h 


- 0$u, 


(B2A) 


A Si 


- PSo + (7 - 


- 7 )5i 


+ rS 2 


= O 3 0i< 


h 


- 0$12, 


(B2i) 


AS 2 


- i/ft - P5i 


+ (7 


+ l)S 2 


= O 3 2 < 


h 


- 0$22- 


(B2j) 
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The projections of the equation (19), 



V AA ,F = n 2 ^%V BB 'tt - $ ABA , B ,V BB '{1 + A V AA ,il, (B3) 



give 



DF = -5 $ii + Si$io + Si $01 - S 2 *oo 

+ n 2 [s <j)i fa - Si<j)i 4> - Si<j> fa + s 2 o 4>o] + a s , (B4o) 

tf-F = -5*0*12 + Si$ii + 5i$o2 - S 2 ®oi 

+ ft 2 [5 o 0i02-Si0i0 1 -s 1 0o02 + s 2 0o0i] +as u (B46) 

AF = -5*0*22 + 5*1 $21 + 5\$i2 - 5 2 *n 

+ tt 2 [5 O 02 02 ~ S 1( j> 2 0i - Si0i h + S 2 0i 0i] + A5 2 . (B4c) 

The conformal Bianchi identities (9) for the Einstein-Maxwell field projected onto the 
spin basis imply the following system: 

Dtpx — Sip = (?r — 4a)V>o + 2(e + 2p)V'i - 3kiI> 2 — 3Si0 o 0o + 3S o 0o0i 

+CI [2c70i0o - 2^0o0o + 2e0 o 0i - 2k0i0i + o <50o - 0i-D0o], (B5o) 
Di\} 2 - Sipi = -Xipo + 2(7r - a)ipi + 2pip 2 - 2ki/>3 - S 2 0o0o - 2Si0i0 o 

2 

+25 o 0i0i + 5i0 o 0i + - O [0o«J0i - 0i-D0i - (7 + m)0o0o 

+T010O + (a + 7t)0 O 01 + (70200 - P0101 - «020l] + ^ ^ [0oA0 O - 01*0o] , (B56) 

Di/> 3 - <5V> 2 = -2A-01 + 377^2 + 2(p - e)i/> 3 - - 2S 2 0i0 o - Si0 2 o + S o 2 0i + 25\0i0i 

2 ___ __ ____ 

+ - £1 [-1^0000 - ^0100 + A0O01 + (P + r)0 2 0O + 7T0101 - (S + p)0201 + 0OA01 - 01<50l] 

+ 1 n [0o<50 2 - 0i£>0 2 ] , (B5c) 

£»V>4 - <ty>3 = -3A-02 + 2 (a + 27r)V>3 + (p - 4e)^ 4 - 35 2 2 0o + 3Si0 2 0i 

+il [0 O A0 2 - 0i<502 - 2^0i0o + 2 7 020 o + 2A0i0i - 2a0 2 0i] , (B5d) 

- A^o = (/x - 47)^0 + 2(/3 + 2r)Vi - 3aV> 2 - 35i0 o 0i + 35 O O 2 

+0 [-2,30001 + 2(T0i0i + 2e0 o 02 - 2k0i0 2 - 2 £>0o + <M0o], (B5e) 

(5^2 - A^i = -vipo + 2(p - 7)^1 + 3t^ 2 - 2(7^3 - 5 2 o 0i - 25i0i0i + 25 o 0i0i + 5i0 o 2 
2 - - 

+ - £1 [-(7 + p)0O01 + T0101 + (70201 + (7r + a)0O02 - P0102 - K0202 

- 2 £>0i] + 1 ft [0iA0 o - 2 ^0o] , (B5i) 

^3 - A^ 2 = -2v^i + 3p^ 2 + 2(r - /3)^ 3 - ^4 - 25 2 0i0i - 5i0 2 0i + 5 O 2 02 + 25i0i0 2 
2 

+ - Q[-Z/0 O 01 - P0101 + (/? + t)0 2 01 + A0O02 + 7T0102 - (s + p)0 2 02 + 0lA0l - 02<50l] 

+ i r> [0k502 - 2 £0 2 ] , (B5 5 ) 

(5^4 - A^ 3 = -3^2 + 2(2 7 + 2^ 3 + (r - 4/3)^ 4 - 35 2 2 0i + 35i0i0 2 

+n [-21/0101 + 270201 + 2A0102 - 2a0 2 02 + 0iA0 2 - 02*02] • (B5ft) 
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Appendix C: Reissner-Nordstrom space-time 

To justify our choice of gauge and show that the choice made by [10] is too restrictive 
we shall show here how a simple space-time, namely, the Reissner-Nordstrom solution, 
appears in our gauge. The physical metric is 

+ f?)* 2 -(i-f + (CD 

where Q is the charge and d£ 2 = d9 2 + sin 2 8d<f) 2 . In the standard conformal 
compactification of the Reissner-Nordstrom space-time one introduces the "tortoise 
coordinate" r* and the advanced time v by 



df =N-- + ?) dr*, 



(C2) 



v = t + r*. 

In these coordinates the physical metric acquires the form 



dS 2 = + (dv 2 -2dvdr*)-f 2 dJ: 2 . (C3) 



We compactify it by defining the coordinate 

r = f- 1 (C4) 
and the conformal factor 

Q = r. (C5) 
The unphysical metric then reads 

ds 2 = r 2 (l-2mr + Q 2 r 2 ) dv 2 + 2dvdr - dT, 2 . (C6) 
Comparing this with (31)-(34) we find the metric functions to be 

H = l -r 2 - mr 3 + \q 2 r\ 

C 1 = 0, 

2 _ 1 (C7) 



P 2 = — 

P 3 = 



V2 sin9' 

From the metric the other geometrical quantities follow. The spin coefficients are all 
zero, except for 

e = - \r + - mr 2 - Q 2 r 3 , 

I (C8) 
OL — —B— -= cot 9. 

The non-zero components of the Weyl and Ricci tensor read 
ip 2 =m- Q 2 r, 

13 3 

*ii = g - 2 mr + 2 Q2r2 ' ( C9 ) 

1 1 , , 

A = - m r--Q 2 r 2 . 
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The electromagnetic 4-potential and corresponding electromagnetic tensor in these 
coordinates are 

A, =(Qr, 0,0,0), 

p - { ' 

The only non- vanishing NP component of is 

<h = Q, (Cll) 

as one would expect. All these results are in accordance with results obtained in the 
text. On the other hand, the gauge condition A = everywhere, imposed in [10], 
leads to a periodic unphysical metric only if m = 0, i.e. flat space-time. This can be 
seen as follows: we need to rescale the metric (C6) say to 

Slab = ®~ 2 9ab 

so that, by (A15), 

A = e- 2 (eA + ine) = o, 

where the boundary conditions on 9 are that 9 = 1 on r = and, say, v = (in 
order to preserve the conditions that p = 0onr = 0, /i = 0onw = and = 1 on 
v = r = 0). With the metric (C6) this wave equation on 9 becomes 

2d v d r B = d r (Ad r e) - L 2 - 2(mr - Qr 2 )9, (C12) 

with A = r 2 (l - 2mr + Q 2 r 2 ) and 

2 1 d /d6\ 1 <9 2 9 
^8d6 \~de) + sin 2 6 d8 2 ' 

Now from (C12) evaluated at r — we calculate d v d r <d = so that d r Q is constant 
on but it vanishes at v — so it is zero for all v. Then from (C12) again at 

d v d 2 Q — —m. 

Thus 9 cannot be periodic in v unless m — 0, in which case the physical metric is 
flat. 



[1] Bicak, J. and Schmidt, B. G. 2007 Helical symmetry in linear systems, Phys. Rev. D76, 104040 
(11 pages) 

[2] Bizon, P. and Wasserman, A. 2000, On existence of mini-boson stars, Commun. Math. Phys. 
215, 357-373. 

[3] Bonnor, W. B. Non-radiative solutions of Einstein's equations for dust, Commun. Math. Phys. 
51, 191-199. 

[4] Exton, A.R., Newman, E.T. and Penrose, R. 1969 Conserved quantities in the Einstein- Maxwell 

theory J. Math. Phys. 10 1566-1570. 
[5] Friedrich, H. 1981 On the regular and the asymptotic characteristic initial value problem for 

Einstein's vacuum field equations Proc. Roy. Soc. London Ser. A 375 169-184. 
[6] Friedrich, H. 1982 On the existence of analytic null asymptotically flat solutions of Einstein's 

vacuum field equations Proc. Roy. Soc. London Ser. A381 361-371 
[7] Friedrich, H., Racz, I. and Wald, R.M. 1999 On the rigidity theorem for space-times with a 

stationary event horizon or a compact Cauchy horizon Comm. Math. Phys. 204 , 691-707. 
[8] Gair, J. R. 2001 Spherical universes with anisotropic pressure Class. Quant. Grav. 18, 4897- 

4920. 

[9] Galloway, G. J. 1984 Splitting theorems for spatially closed space-times Comm. Math. Phys. 96 
423-429. 



No periodic asymptotically flat solutions of the Einstein- Maxwell equations. 25 



[10] Gibbons, G. W. and Stewart, J. M. 1984 Absence of asymptotically flat solutions of Einstein's 
equations which are periodic and empty near infinity in Classical general relativity (London, 
1983) 77-94, editors W. Bonnor, J. N. Islam and M. A. H. Callum, Cambridge University 
Press, Cambridge. 

[11] Hawking, S. W. and Ellis, G. F. R. 1973 The large scale structure of space-time Cambridge 

University Press, London-New York. 
[12] Moncrief, V. and Isenberg, J. 1983 Symmetries of cosmological Cauchy horizons. Comm. Math. 

Phys. 89 387-413. 

[13] MacCallum, M.A.H. and Van den Berg, N. Non-inheritance of static symmetry by Maxwell 

fields, in Galaxies, axisymmetric systems and relativity (Essays presented to W. B. Bonnor 

in his 65th birthday), edited by M. A. H. McCallum, 138-148, Cambridge University Press, 

Cambridge-London-New York. 
[14] Newman, E.T. and Penrose, R. 1962 An approach to gravitational radiation by a method of spin 

coefficients J. Math. Phys. 3 566-578. 
[15] Papapctrou, A. 1957 Uber periodische nichtsinguldre Losungen in der allgemeinen Rela- 

tivitdtstheorie Ann. Physik (6) 20 399-411. 
[16] Papapetrou, A. 1958 Uber periodische Gravitations- und elektromagnetische Felder in der 

allgemeinen Relativitdtstheorie Ann. Physik (7) 1 186-197. 
[17] Papapctrou, A. 1962 Non-existence of periodically varying non-singular gravitational fields in 

Les theories relativistes de la gravitation (Royaumont, 1959) pp. 193-198 Editions du Centre 

National de la Recherche Scientifique, Paris. 
[18] Penrose, R. and Rindler, W. 1986 Spinors and space-time vol II Cambridge Monographs on 

Mathematical Physics. Cambridge University Press, Cambridge. 
[19] Schild, A. 1963 Electromagnetic two-body problem Physical Review, vol. 131, Issue 6, pp. 2762- 

2766. 

[20] Scholtz, M. and Bicak, J. 2008 On the non-existence of asymptotically flat periodic solutions 
of Einstein's equations in Week of doctoral students 2008 (June 3 - June 6), Proceeding of 
contributed papers, Part Ill-Physics eds. J. Safrankova and J. Pavlu, Matfyzpress, Prague 
2008, pp. 179-185. 

[21] Stcphani, H., Kramer, D., MacCallum, M. A. H., Hoenselaers, C. and Herlt, E. 2003 
Exact solutions to Einstein's field equations (Second Edition) Cambridge University Press, 
Cambridge. 

[22] Stewart, J. 1990 Advanced general relativity, Cambridge Monographs on Mathematical Physics. 

Cambridge University Press, Cambridge, 
[23] Tod, P. 2009 On analytic asymptotically-flat vacuum and electrovac metrics, periodic in time 

arXiv:0902.1061v2[gr-qc], 12 pages. 
[24] Trautman, A. 1957 Proof of the non-existence of periodic gravitational fields representing 

radiation Bull. Acad. Polon. Sci. CI. III. 5 pp 1115-1117, XCII. 
[25] Workshop on Helically Symmetric Systems 2007 Max Planck Institute for Gravitational Physics, 

Potsdam, Germany, http://www.aei.mpg.de/~workshop/hclical/index.html 



